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The combination of quantum correlations appearing in the Clauser-Horne-Shimony-Holt inequal-
ity can give values between the classical bound, 2, and Tsirelson’s bound, 2
√
2. However, for a
given set of local observables, there are values in this range which no quantum state can attain.
We provide the analytical expression for the corresponding bound for a parametrization of the local
observables introduced by Filipp and Svozil, and describe how to experimentally trace it using a
source of singlet states. Such an experiment will be useful to identify the origin of the experimental
errors in Bell’s inequality-type experiments and could be modified to detect hypothetical correlations
beyond those predicted by quantum mechanics.
PACS numbers: 03.65.Ud, 03.65.Ta
Quantum mechanics is the most accurate and complete
description of the world known. This belief is supported
by thousands of experiments. Particularly, it is widely
agreed that, leaving aside some loopholes [1, 2], no local-
realistic theory of the type suggested by Einstein, Podol-
sky, and Rosen [3] is compatible with the experimental
results showing violations of Bell’s inequalities [4] and
“good agreement” with the predictions of quantum me-
chanics [5, 6, 7, 8, 9, 10, 11, 12, 13].
On the other hand, current technology allows us to
perform Bell’s inequality-type experiments with relative
ease. Here we propose using this possibility for a sys-
tematic test of the bounds of quantum correlations. The
benefits of this proposal, apart from confirming quan-
tum mechanics, would be to help us to identify and dis-
criminate between two sources of possible errors in Bell’s
inequality-type experiments and to describe a method
for searching for hypothetical correlations beyond those
predicted by quantum mechanics.
To introduce the bounds of quantum correlations, let
us consider a high number of copies of systems of two dis-
tant particles prepared in an unspecified way. Let A and
a (B and b) be physical observables taking values −1 or
1 referring to local experiments on particle I (II). Here
we shall initially assume that the particles have spin- 12 ,
and that A is a spin measurement along the direction
represented by the unit ray ~A, etc. Fine [14] proved (see
also [15, 16, 17]) that a set of four correlation functions
X0 = 〈AB〉, X1 = 〈Ab〉, X2 = 〈aB〉, X3 = 〈ab〉 can be
attained by a local-realistic theory (i.e., a theory in which
the local variables of a particle determine the results of
local experiments on this particle) if and only if they
satisfy the following eight Clauser-Horne-Shimony-Holt
(CHSH) inequalities [18]:
− 2 ≤ Xi +X(i+1)mod4 +X(i+2)mod 4 −X(i+3)mod 4 ≤ 2,
(1)
where i = 0, 1, 2, 3 and (p+ q)mod 4 means addition of p
and q modulo 4.
On the other hand, Tsirelson [19, 20] showed that, for
any quantum state ρ, the corresponding quantum corre-
lations, x0 = 〈AB〉ρ, x1 = 〈Ab〉ρ, x2 = 〈aB〉ρ, x3 = 〈ab〉ρ
must satisfy
− 1 ≤ xi ≤ 1,
−2
√
2 ≤ xi + x(i+1)mod 4 + x(i+2)mod 4
−x(i+3)mod 4 ≤ 2
√
2. (2)
Quantum mechanics predicts violations of the CHSH in-
equalities (1) up to 2
√
2. Such violations can be obtained
with pure [18] or mixed states [21].
However, inequalities (2) are only a necessary but not
sufficient condition for the correlations to be attainable
by quantum mechanics. To illustrate this point, let us
consider a set of four numbers Yi, such that they sat-
isfy (2) but not (1); that is, their CHSH combinations
lie between Bell’s classical bound and Tsirelson’s bound.
The question is: Are there always a quantum state ρ and
four local observables A, a, B, and b such that Yi = xi?
The answer is no; certain sets of correlations cannot be
reached by any quantum state and any set of local ob-
servables. If quantum mechanics is correct, this means
that certain sets of expectation values will never be found
experimentally. Therefore, the notion of superquantum
correlations (i.e., correlations beyond those predicted by
quantum mechanics) is not only restricted to sets of cor-
relations such that the value of their CHSH operator is
between 2
√
2 and 4 (the maximum possible value for the
CHSH operator) [22], but it also covers some sets of cor-
relations whose CHSH operator is between 2 and 2
√
2.
Uffink’s quadratic inequalities [23] provide a more re-
strictive necessary (but still not sufficient) condition for
the correlations to be attainable by quantum mechan-
ics. The necessary and sufficient condition for a set of
four numbers to be reached by quantum mechanics was
found by Landau [24] and Tsirelson [25], and has been
rediscovered by Masanes [26]. Four numbers yi can be
reached by a quantum state and some local observables
(i.e., yi = xi) if and only if they satisfy a the following
eight inequalities:
− π ≤ arcsin yi + arcsin y(i+1)mod 4
2+ arcsiny(i+2)mod 4 − arcsiny(i+3)mod 4 ≤ π. (3)
The inequalities (3) define the whole set of quantum cor-
relations but do not provide a practical characterization
of its bounds.
A different approach has been proposed by Filipp and
Svozil [27]. They define the quantum bounds as follows:
Let us choose several particular sets of local observables
{Aj , aj , Bj, bj}; let us use a computer to randomly gener-
ate a high number of arbitrary quantum states {ρk}, and
calculate for all of them the value of the CHSH operator
defined as
CHSH = 〈AB〉ρ + 〈Ab〉ρ + 〈aB〉ρ − 〈ab〉ρ. (4)
The maximal and minimal values obtained are a numer-
ical estimation of the bounds of the quantum correla-
tions. Given the way in which the bounds have been con-
structed, for a given set of local observables no quantum
state (and, presumably, no other preparation of physical
systems) gives values outside these bounds. A suitable
parametrization of both the set of local observables and
the set of initial states yields to an analytical expression
of the bound of quantum correlations. However, Filipp
and Svozil’s results are limited to a computer exploration
of these bounds. They conclude by saying that “the ex-
act analytical geometries of quantum bounds remain un-
known” [27]. In this Letter, we provide the analytical ex-
pression of the bounds of the quantum correlations using
Filipp and Svozil’s parametrization for the local observ-
ables. We then use this analytical expression to describe
how to experimentally trace this bound. This experimen-
tal verification will require a set of Bell’s inequality-type
tests, each of them using a particular set of local ob-
servables and a particular initial state. Both the local
observables and the initial state will depend on a single
parameter θ.
A suitable parametrization of the local observables and
the initial states should reflect the essential features of
the bound of quantum correlations: For every possible
value of the parameters, the CHSH operator should give
values in the range [2, 2
√
2] (that is, between the clas-
sical Bell’s bound and Tsirelson’s bound), but it will
cover only a subset of the whole. The area of this sub-
set divided by the area of the whole set should reflect
the ratio between the difference between the hypervol-
ume of the convex set of quantum correlations defined
by (3) and that of the classical correlation polytope (a
four-dimensional octahedron) [28, 29] defined by (1) di-
vided by the difference between the hypervolume of the
set defined by (2) (which is the intersection of a big-
ger four-dimensional octahedron and a four-dimensional
cube) and that of the classical correlation polytope. An-
other important property is that quantum bounds can
always be attained using a suitably chosen maximally
entangled state. For practical reasons, it would be inter-
esting that the parametrization use as few parameters as
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FIG. 1: Values of the CHSH operator for the maximally en-
tangled states |φ(ξ)〉 = cos ξ|φ+〉+ sin ξ|ψ−〉, for 0 ≤ ξ < 2pi,
for the local measurements (5)–(8) parametrized by θ. The
analytical expression of the quantum bound (thick line) is
given by (10). Given a particular set of local measure-
ments (i.e., a particular value of θ), the quantum bound is
reached by the maximally entangled states with ξ(θ) given
by (12). No other quantum state (and, presumably, no other
preparation of physical systems) gives values outside these
bounds. Dashed lines represent Bell’s classical bounds (±2)
and Tsirelson’s bounds (±2√2).
possible.
Filipp and Svozil [27] choose the following set of local
observables which depends on a single parameter,
A = cos(2θ)σz + sin(2θ)σx, (5)
B = cos(θ)σz + sin(θ)σx, (6)
a = σz , (7)
b = cos(3θ)σz + sin(3θ)σx, (8)
where 0 ≤ θ ≤ π, and σz and σx are the usual Pauli
matrices.
To obtain the analytical expression of the correspond-
ing quantum bound F (θ), it is useful to remember that,
for each θ, the bound of quantum correlations can be
reached by a maximally entangled state. For the Filipp
and Svozil parametrization, a suitable set of maximally
entangled states turns out to be
|ϕ(ξ)〉 = cos ξ |φ+〉+ sin ξ |ψ−〉, (9)
where 0 ≤ ξ < 2π. In Fig. 1 we show the values of the
CHSH operator for several of these states. If, for a given
θ, we calculate the maximum and minimum values of the
CHSH operator for the states |ϕ(ξ)〉, we obtain the an-
alytical expression for the bound numerically estimated
in [27]. The analytical expression of the bound of quan-
tum correlations is
F (θ) = ±2
{[
1 + sin2(2θ)
]
−1/2
+g(θ) sin(2θ)
[
1 +
2
cos(4θ)− 3
]1/2}
, (10)
3where
g(θ) =
{
1 if 0 ≤ θ < π/2
−1 if π/2 ≤ θ ≤ π. (11)
This bound is represented by a thick line in Fig. 1.
The next problem is how to experimentally achieve this
bound. Given a particular set of local measurements (i.e.,
a particular value of θ), which state should we prepare
to obtain the quantum upper and lower bounds? It can
be easily seen that the quantum upper bound is reached
by the maximally entangled states |ϕ(ξ)〉 given by (9),
taking
ξ =
1
2
(
θ − g(θ) arccos
{[
1 + sin2(2θ)
]
−1/2
})
. (12)
The quantum lower bound is obtained just by introduc-
ing a minus sign inside the arc cosine in (12). No other
quantum state gives values outside these bounds.
For practical purposes, it is useful to realize that the
required initial states can be prepared using a source of
singlet states
|ψ−〉 = 1√
2
(|01〉 − |10〉) , (13)
and applying a suitable unitary transformation U(θ) to
particle I. This follows from the fact that, for any ξ,
|ϕ(ξ)〉 = U(ξ)⊗ 1 |ψ−〉, (14)
where
U(ξ) =
(
sin ξ − cos ξ
cos ξ sin ξ
)
, (15)
and 1 is the identity matrix. Therefore, the setup re-
quired to test the quantum bound F (θ) is illustrated in
Fig. 2. It consists of a source of two-qubit singlet states
|ψ−〉, a unitary operation U(θ) [given by (15) and (12)]
on qubit I, and the local measurements A(θ) [given by
(5)] and (alternatively) a(θ) [given by (7)] on qubit I,
and B(θ) [given by (6)] and (alternatively) b(θ) [given by
(8)] on qubit II. A systematical test of the bounds of
quantum correlations can be achieved by performing N
Bell’s inequality-type tests, each for a particular value of
θ (i.e., for a particular choice of local observables A(θ),
a(θ), B(θ), and b(θ), and a particular state |ϕ(θ)〉), cov-
ering the range 0 ≤ θ ≤ π.
In order to make the CHSH inequality (1) useful for
real experiments, it is common practice to translate it
into the language of joint probabilities. This leads to the
Clauser-Horne (CH) inequality [30, 31]:
− 1 ≤ P (A = 1, B = 1)− P (A = 1, b = −1)
+P (a = 1, B = 1) + P (a = 1, b = −1)
−P (a = 1)− P (B = 1) ≤ 0. (16)
FIG. 2: Scheme of the experiment to test the bounds of
quantum correlations. It consists of a source of two-qubit
singlet states |ψ−〉, a unitary operation U(θ) [given by (15)
and (12)] on qubit I , and the local measurements A(θ) [given
by (5)] and (alternatively) a(θ) [given by (7)] on qubit I ,
and B(θ) [given by (6)] and (alternatively) b(θ) [given by (8)]
on qubit II . The experiment consists of a set of N Bell’s
inequality-type tests for N different values of θ in the range
[0, pi].
It can be easily seen that the bounds l of the CHSH
inequality (1) are transformed into the bounds (l − 2)/4
of the CH inequality (16). Therefore, the local-realistic
bound in the CH inequality is 0, and Tsirelson’s bound
is (
√
2− 1)/2. Analogously, if we calculate the values of
the CH operator
CH = Pρ (A = 1, B = 1)− Pρ (A = 1, b = −1)
+Pρ (a = 1, B = 1) + Pρ (a = 1, b = −1)
−Pρ (a = 1)− Pρ (B = 1) , (17)
for the states |ϕ(ξ)〉, we obtain a figure which looks like
Fig. 1 but has a different scale in the vertical axis {i.e.,
instead of points with coordinates (θ,CHSH), we obtain
points with coordinates [θ, (CHSH− 2)/4]}.
This systematic test of the bounds of quantum cor-
relations can be performed with current technology. A
physical system particularly suitable for its implementa-
tion consists of pairs of photons entangled in polariza-
tion produced by degenerate type-II parametric down-
conversion [10, 12]. In this system, the role of spin ob-
servables is played by polarization observables which are
particularly adequate due to the availability of high effi-
ciency polarization-control elements and the relative in-
sensitivity of most materials to birefringent thermally in-
duced drifts. An essential advantage of this system is that
it allows Bell’s inequality-type tests under strict space-
like separations [12] (however, current detector efficien-
cies do not allow these experiments to elude the so-called
detection loophole [2]).
Apart from providing a systematical way to experi-
mentally verify set of extreme nonclassical predictions of
4quantum mechanics, two kind of benefits are expected
from the proposed experiment.
Identifying the source of experimental errors in tests
of Bell’s inequalities.—Since the Hilbert space structure
of quantum mechanics is not used in the derivation of
Bell’s inequalities, the main conclusion of an experimen-
tal violation of a Bell’s inequality is clear: The experi-
mental results are incompatible with local realism. The
role of quantum mechanics in a test of Bell’s inequali-
ties is to tell us which physical system we should prepare
and in which directions we should orientate our polarizers
or Stern-Gerlach devices. However, quantum mechanics
does not only tell us this; it also predicts a specific re-
sult for the experiment. The point is that this specific
prediction relies on some additional assumptions. Some
of these assumptions are related to the inefficiencies of
our preparations and detectors. Other assumptions con-
cern the adequacy of the quantum-mechanical descrip-
tion of the experiment. The failure of each of these two
kinds of assumptions has a different effect on the re-
sults. For instance, if the state we have prepared is a
Werner state [32] such as ρ = (1 − ǫ)|ψ−〉〈ψ−| + ǫ1/4
with 0 < ǫ ≪ 1, instead of |ψ−〉, then the quantum pre-
diction for the proposed experiment is not F (θ) given
by (10), but a curve very close to F (θ) comprised be-
tween the quantum bounds. In other words, in this case
the distance between the theoretical prediction assuming
the |ψ−〉 and the experimental result is not significatively
sensitive to the value of parameter θ. However, if we have
assumed that the measured local observables are accu-
rately described by a two-dimensional Hilbert space, but
that a more adequate description would require a higher
dimensional Hilbert space then, even if both quantum
predictions were similar for some value of θ and both are
comprised between the quantum bounds, the distance
between them will be very sensitive to the value of θ.
Searching for correlations beyond those predicted by
quantum mechanics.—The proposed experiment can
be modified to search for hypothetical correlations
beyond those predicted by quantum mechanics (i.e.,
superquantum correlations in the extended sense men-
tioned above). We do not have any plausible theory
which predicts these correlations and helps us design an
experiment showing violations of the inequalities (3).
However, by the very definition of the bounds F (θ),
for a given set of local observables, no quantum state
can give values outside the bounds F (θ). To verify this
for any fixed set of alternative local observables, we
can randomly modify the state emitted by the source.
Quantum mechanics predicts that there are no results
outside these bounds. The existence of experimental
results outside these bounds would mean that there are
procedures for preparing physical systems which are not
described by any quantum state and, therefore, that
quantum mechanics is incomplete.
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